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Abstract—In this paper, we propose a new channel track-
ing method to track the time fluctuations of millimeter-wave
(mmWave) channels over multiple subcarriers with few training
overheads and low complexity. In essence, channel tracking is
formulated as a compressive sensing problem with the pro-
posed sensing matrix over the delay domain, which enables low
complexity irrespective of the number of available subcarriers,
resulting in a new tracking algorithm based on the exact top-k
feature selection. To elaborate, the proposed method is based on
a novel sensing matrix that exploits the time evolution models
of angle of arrivals (AoAs) and angle of departures (AoDs),
where the time-varying channel is effectively approximated with
a few discrete AoA and AoD candidates. Moreover, the proposed
tracking algorithm is refined by introducing multiple sub-sensing
subsets, which further improve the tracking performance. Nu-
merical results and complexity analyses in terms of floating op-
erations (FLOPs) confirm that the proposed approaches achieve
better trade-offs between complexity and tracking gain than the
conventional Bayesian estimator approaches.

Index Terms—Channel tracking, millimeter-wave (mmWave),
compressive sensing.

I. INTRODUCTION

W IRELESS cellular communication in higher frequency
bands has been investigated over the last years [1]–

[3], and millimeter-wave (mmWave) base station products have
been introduced with the fifth-generation of mobile commu-
nication systems (5G). In particular, mmWave communication
using frequency bands ranging from approximately 24 [GHz]
to 300 [GHz] has recently gained significant attention as a po-
tential solution for overcoming the spectrum shortage problem
in conventional microwave communications [4]–[7]. However,
despite the large available bandwidth, mmWave systems suffer
from high propagation losses owing to the increased signal
attenuation at higher carrier frequencies [8]–[11]. In spite of
these drawbacks, shorter wavelengths enable larger antenna
arrays to be equipped with more elements. Therefore, multiple-
input multiple-output (MIMO) systems and beamforming uti-
lizing multiple antenna elements to concentrate the signal
power to a specific direction, are fundamental technologies for
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beyond 5G and the sixth-generation of mobile communication
systems (6G) [12]–[15].

One of the benefits of having multiple antenna elements
is that a larger antenna array improves beamforming gain by
focusing beams in narrower directions. However, to maximize
the beamforming gain, an accurate channel state information
(CSI) must be obtained, such that it enables an effective
combination of the signals from the antenna elements [16],
[17]. In addition to depending on accurate CSI, highly di-
rectional beams can also be subject to impairments such as
misalignment and fluctuations of channels in short duration,
which result in quality of service (QoS) degradation [18]–[20].

As such, one potential solution to overcome beam misalign-
ment is to perform a continuous beam reshaping or redesigning
based on a frequently updated and accurate CSI. Accordingly,
several channel estimation techniques for mmWave channels
have been discussed [21]–[26]. These approaches can estimate
the CSI with low complexity even for a large antenna array
by exploiting the sparsity in the angle domain, which arises
from the mmWave channel comprising of a few dominant
paths. Although these approaches maintain low complexity,
to obtain accurate estimations, a high number of training
overhead is required, which increases with respect to the
number of antenna elements. If CSI updates by such estimation
approaches are carried out frequently, the spectral efficiency
can be significantly decreased in especial for systems with a
significant number of antenna elements.

To maintain an accurate CSI with lower training overhead,
beam and channel tracking techniques have been investi-
gated [27]–[41]. These techniques update the CSI by tracking
a few dominant paths in mmWave channels with the temporal
correlation of the channel parameters, which by its turn
enables accurate CSI updates with lower training overhead
than channel estimations from scratch. To name but a few,
the channel-tracking algorithm proposed in [27] tracks angle
of arrival (AoA) and angle of departure (AoD) via Kalman
filter (KF) under the assumptions of Gaussian-distributed
fluctuations for angles while assuming constant path gains
over time. Considering practical mmWave channels, other
algorithms that simultaneously track the time fluctuation of
angles and propagation path gains via extended KF have also
been proposed [28]–[30]. In addition, another low-complexity
beam tracking relevant in practical communications requiring
frequent CSI updates, has been proposed in [33]. Moreover,
a tracking algorithm for extremely large-scale MIMO [32]
and for reconfigurable intelligent surfaces [31] have been
discussed. However, despite maintaining an accurate CSI with
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lower training overhead and complexity in some cases, these
studies [27]–[33] assume narrow band channel models, which
is not an appropriate assumption for mmWave systems with
large bandwidths. As such, the tracking performance of these
algorithms would be limited in practical situations due to the
prohibitive complexity of tracking channels over all available
subcarriers.

Channel and beam tracking methods for MIMO-orthogonal
frequency division multiplexing (OFDM) systems over
frequency-selective mmWave channels are proposed in [34]–
[39]. In particular, an algorithm based on marginalized particle
filter and further extended to a generalized marginalized parti-
cle filter (GMPF) to obtain the optimal minimum mean square
error (MMSE) estimator of the CSI were proposed in [35]–
[37]. Lastly, in [38] the authors also extend GMPF methods
to mmWave systems that can detect blockages of beams
while tracking channel parameters, since mmWave signals are
more susceptible to blockage caused by physical obstacles
such as buildings, trees, or human bodies. These studies
[35]–[38] show that channel tracking based on GMPF can
obtain significant tracking gains in terms of spectral efficiency.
However, despite their good performance, these algorithms
require tremendous computational complexity owing to the
AoAs and AoDs estimations via particle filters based on
Monte Carlo sampling. In addition, such frequency-domain
approaches, which estimate the path gain for all available
subcarriers via KF [35]–[39], increase the complexity in cubic
order with respect to the number of subcarriers. In practical
situations, this computational cost hinders real-time processing
and results in beam misalignment, particularly in high-mobility
scenarios [40]–[43].

Therefore, we proposed a new low-complexity channel
tracking framework based on compressive sensing for OFDM
mmWave systems. First, the proposed approaches introduce a
novel sensing matrix design that exploits the temporal evolu-
tion models of AoAs and AoDs, resulting in a sensing matrix
containing only discrete angle candidates with grids designed
from knowledge of these models as well as the CSI at the prior
time slots. This sensing matrix converts the aforementioned
estimation problem with multiple unknowns, such as path
gain, AoA, and AoD, into a reconstruction problem with
one path gain matrix with a unique sparse structure different
from other state-of-the-art (SotA) schemes [21]–[25], [39].
Owing to the unique sparsity and limited angle candidates,
the proposed formulation enables an accurate estimation of
compressive sensing algorithms, while significantly reducing
the complexity. Moreover, a path gain reconstruction problem
in the delay domain is formulated to reduce the number of
pilot symbols and achieve further complexity reductions.

To solve this reconstruction problem, an algorithm based on
the exact top-k feature selection [44] is introduced. This ap-
proach realizes channel tracking with linear-order complexity
with respect to the number of subcarriers that pilot symbols
are allocated to, and its complexity does not depend on the
number of available subcarriers. Furthermore, another channel
tracking method, which leverages multiple sub-sensing matri-
ces processing, is also proposed to improve the reconstruction
accuracy of compressive sensing algorithms. This refinement

TABLE I: Key Quantities, Parameters, and Symbols

Notation Meaning
g[k] Path gain at the k-th subcarrier for all paths
g Path gain for all subcarriers and all paths

GD / gD Path gain for all delay taps and all paths
ϕc,r AoA at the r-th ray within the c-th cluster
θc,r AoD at the r-th ray within the c-th cluster
ϕ Set of AoAs for all paths
θ Set of AoDs for all paths
ξ Union of AoA and AoD sets
B Sensing matrix
x(n) Parameter x at the n-th channel slot
x̂ Estimated value of x
x̃ Candidate or approximated value of x

ϕ̃i,j / ϕ̃i{j} j-th candidate of the AoA at the i-th path
θ̃i,j / θ̃i{j} j-th candidate of the AoD at the i-th path

yields higher tracking gain with more sub-sensing matrices and
leads to accurate CSI updates even under unfavorable condi-
tions, such as low signal-to-noise ratio (SNR) and scarce pilot
symbols. Finally, we evaluate the complexity of the algorithms
based on floating operations (FLOPs) and the tracking gain
in terms of spectral efficiency through computer simulations.
Evaluations of computational complexity and numerical results
confirm that the proposed approaches exhibit better trade-off
properties between the tracking gain and complexity than the
conventional approach based on GMPF [37].

The following notations are used in this paper. Matrices
and vectors are denoted as X and x, respectively. Integers,
real numbers, and complex numbers are represented using N,
R, and C, respectively, and the operators (·)T, (·)∗, and (·)H
denote the transposition, conjugate, and complex conjugate
transposition, respectively. A diagonal matrix obtained from
vector x and a block diagonal matrix obtained from the ma-
trices are denoted by diag(x) and blkdiag(· · · ), respectively.
The operator [X]i denotes the i-th row in the matrix X. The
N -dimensional identity matrix is denoted by IN . Operators ⊗
and ◦ denote Kronecker and Khatri-Rao products, respectively.
Functions vec(·), ∥ · ∥p, and ∥ · ∥F denote vectorization, the
lp norm, and Frobenius norm, respectively. The l2,0 norm of
a vector x calculates ∥∥x∥2∥0. The floor function is denoted
as ⌊·⌋. The circularly symmetric complex normal distribution,
normal distribution, and Laplace distribution with mean µ
and variance σ2 are denoted by CN

(
µ, σ2

)
, N

(
µ, σ2

)
, and

L(µ, σ2), respectively. The major parameters are listed in
Table I

II. SYSTEM MODEL

In this section, the considered channel and received signal
models are introduced.

A. Communication Scenario

We consider an uplink MIMO-OFDM system in which one
base station (BS) equipped with a uniform linear array (ULA)
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Fig. 1: Illustration of the transmit frame structure and com-
munication scenario of an OFDM mmWave system

of Nr antenna elements and Nr,RF radio frequency (RF) chains
receives time-frequency signals from one user equipment (UE)
equipped with a ULA of Nt antenna elements and Nt,RF RF
chains1. It is assumed that both ULAs at the receiver and
transmitter have fully connected structures. The UE moves at
a constant speed v [m/s] and its trajectory can be seen as
linear within a sufficiently short period of time. The channel
slot is defined as a length Ttck ∈ R+, where the channel
parameters are assumed to be constant within a timeslot and
change in a timeslot-by-timeslot manner. Each channel slot
is separated into two phases: 1) the CSI acquisition phase
and 2) the data transmission phase, which are respectively
colored in white and green as illustrated in Fig 1. In particular,
in the training phase at the initial channel slot, the CSI is
estimated from scratch with Mini ∈ N+ OFDM pilot symbols.
In the subsequent channel slots, Mtck (≪ Mini) pilot symbols
are allocated to the selected time-frequency resources in the
training phase, where the CSI is updated to capture the time-
varying nature of the channels.

B. Channel Model

Let n ∈ {0, 1, . . . , } and d ∈ {0, . . . , D − 1} denote the
channel slot and delay tap indices, respectively, where D ∈ N+

denotes the total number of delay taps. The mmWave channel
at the n-th channel slot and the d-th delay tap is modeled as

H(n)[d]=

√
1

µ

C∑
c=1

Rc∑
r=1

α(n)
c,r p(dTs− τ (n)c )aNr

(ϕ(n)
c,r )a

H
Nt

(θ(n)c,r ),

(1)
where C ∈ N+, Rc ∈ N+, and µ ∈ N+ denote the number
of clusters, the number of rays within the c-th cluster, and the
total number of paths µ =

∑C
c=1 Rc, respectively.

The complex path gain at the r-th ray of the c-th cluster is
denoted by α

(n)
c,r ∼ CN

(
0, 10−PLc/10

)
, where PLc denotes

the path loss component at the c-th cluster, given as [9]

PLc = 20 log10

(
4π

λ

)
+ 10α log10(γ) + χδ2 , (2)

where λ ∈ R+ and γ ∈ R+ denote the carrier wavelength and
the distance between BS and UE, respectively, and α ∈ R+

1The proposed channel tracking framework based on compressive sensing
is not limited to ULA and can be easily extended to uniform planar array
(UPA).

and χδ2 ∼ N (0, δ2) are determined by the urban microcell
street canyon closed-in model proposed in [9, Table I].

In (1), the function p(dTs − τ
(n)
c ) denotes the equivalent

pulse shaping response at the transmitter and receiver, and is
calculated from the time delay τ

(n)
c ∈ R at the c-th cluster

and sampling duration Ts ∈ R. Without loss of generality,
c = 1 represents the line-of-sight (LOS) component with
R1 = 1 and τ

(0)
1 = 0. The vector aNr(ϕ

(n)
c,r ) ∈ CNr×1 and

aNt(θ
(n)
c,r ) ∈ CNt×1 denote the ULA response of the AoA

ϕ
(n)
c,r ∈ R and AoD θ

(n)
c,r ∈ R at the r-th ray within the c-

th cluster, respectively. The ULA response with N antenna
elements and half-wavelength spacing is defined as [22], [23]

aN (x) ≜ 1√
N

[
1, ejπ cos x, · · · , ejπ(N−1) cos x

]T
∈ CN×1.

(3)
Let k ∈ K ≜ {0, 1, . . . ,K − 1} denote the subcarrier index

where K ∈ N+ denotes the number of available subcarriers.
From the Fourier transform, the mmWave channel at the n-th
channel slot and the k-th subcarrier can be written as

H(n)[k] =

D−1∑
d=0

H(n)[d]e−j 2πkd
K

= AR

(
ϕ(n)

)
diag

{
g(n)[k]

}
AH

T

(
θ(n)

)
, (4)

where ϕ(n) ≜
{
ϕ
(n)
1,1 , . . . , ϕ

(n)
C,Rc

}
and θ(n) ≜{

θ
(n)
1,1 , . . . , θ

(n)
C,Rc

}
denote the set of AoAs and AoDs at

the n-th channel slot, respectively2, and the array response
matrices at the receiver AR(·) and transmitter AT(·) are
defined as

AR

(
ϕ(n)

)
≜

[
aNr

(
ϕ
(n)
1,1

)
, . . . , aNr

(
ϕ
(n)
C,Rc

)]
∈ CNr×µ, (5)

AT

(
θ(n)

)
≜

[
aNt

(
ϕ
(n)
1,1

)
, . . . , aNt

(
ϕ
(n)
C,Rc

)]
∈ CNt×µ, (6)

where g(n)[k] ∈ Cµ×1 collects the path gain at the k-th
subcarrier for all propagation paths.

Let g(n)c,r [d] ≜
√

1
µα

(n)
c,r p(dTs− τ

(n)
c ) define the path gain at

the n-th channel slot, d-th delay tap, and r-th ray within the
c-th cluster. Hence, the vector g(n)

D,c,r ≜ [g
(n)
c,r [0], . . . , g

(n)
c,r [D−

1]]T ∈ CD×1 denotes the path gain for all delay taps at
the r-th ray within the c-th cluster, and the matrix G

(n)
D ≜

[g
(n)
D,1,1, . . . ,g

(n)
D,C,Rc

] ∈ CD×µ denotes the path gain for all
delay taps and propagation paths. From the partial discrete
Fourier transform (DFT) matrix V ∈ CK×D and matrix G

(n)
D ,

the path gain at the k-th subcarrier g(n)[k] is calculated as

g(n)[k] =
(
pT
kVG

(n)
D

)T
(7)

where pk ∈ {0, 1}K×1 is the vector whose k-th element is 1
and the other elements are 0.

C. Time Evolution of Channel Parameters

Following existing works [37], [38], the timeslot-by-
timeslot channel variation is modeled based on spatial auto-
correlation caused by the vTtck [m] movements of the UE in
a channel slot.

2Note that the beam squint effects are neglected for the same reason as the
conventional study [37], leading to constant AoAs and AoDs over subcarriers.
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Let ξ(n) ≜ {θ(n),ϕ(n)} denote the set of AoAs and AoDs
in the n-th channel slot. Similar to [37], from the analysis
for angular spread in [45], the conditional probability density
function (PDF) of AoAs and AoDs p(ξ(n) | ξ(n−1)) is
assumed to follow a Laplace distribution. Hence, AoAs and
AoDs, ∀c, r at the n-th channel slot are modeled as

ϕ(n)
c,r ∼ L

(
ϕ(n−1)
c,r , σ2

A,c,r

)
, θ(n)c,r ∼ L

(
θ(n−1)
c,r , σ2

D,c,r

)
, (8)

where the standard deviations σA,c,r ∈ R+ and σD,c,r ∈ R+

depend on the environmental conditions, such as the moving
speed v and time window length Ttck.

In turn, the temporal evolution of the path gain follows
a first-order Gaussian Markov process [28], [29], [33]–[35],
[37], [38], which makes the path gain of all subcarriers
and propagation paths at the n-th channel slot follow the
autoregressive model of

g(n) = Rg(n−1) +
(
I−RRH

) 1
2 ∆g(n), (9)

where the vector g(n) ∈ CKµ×1 is defined as g(n) ≜
[g(n)T[0], . . . ,g(n)T[K − 1]]T ∈ CKµ×1, and R ∈ RKµ×Kµ

denotes the correlation matrix of which elements consist of
spatial auto-correlation and frequency cross-correlation calcu-
lated by [37, Eq. (27)] and parameters in [46].

Following [37], no correlations between the different paths
are assumed. Furthermore, ∆g(n) ∈ CKµ×1 denotes the
multivariate random variable following an independent and
identical distribution as ∆g(n) ∼ CN (0,C

(n)
gg ), where C

(n)
gg ∈

CKµ×Kµ denotes the covariance matrix for the path gain for
all subcarriers and propagation paths.

D. Pilots, Precoding, and Combining for Channel Tracking

In what follows, we only consider the training phases after
the initial channel slot n = 0 to focus on the channel tracking.
The assumptions at the initial channel estimation are explained
in Section III.

The pilot symbols, precoder, and combiner are designed
under the frequency-flat assumption at the training phases to
update CSI efficiently. Let x

(m,n)
tr ∈ CNs×1 denote the m-

th (m = 1, 2, . . . ,Mtck) pilot symbol vector, which consists
of, e.g., normalized quadrature phase shift keying (QPSK)
symbols. Besides, let Ns ∈ N+ denote the number of data
streams that may depend on the number of RF chains, given
by Ns = min (Nt,RF, Nr,RF).

Following [37], the symbol level precoding and combining
are considered to maximize the SNR by exploiting estimated
CSI at a previous channel slot Ĥ(n−1)[k], ∀k ∈ K, as shown in
Fig. 1. Let F(m,n)

tr ∈ CNt×Ns and W
(m,n)
tr ∈ CNr×Ns denote

the hybrid precoder and combiner for the m-th pilot symbol
at the n-th channel slot, respectively.

E. Received Signal

Given above, let kp ∈ P ≜ {k1, k2, . . . , kP } ⊆ K
denote the index for subcarriers utilized to send reference
signals, where P (≤ K) denotes the total number of such pilot

subcarriers. The received signal at the n-th channel slot, kp-th
subcarrier, and m-th pilot symbol can be written as

y(m,n)[kp] = (10)

W
(m,n)H
tr H(n)[kp]F

(m,n)
tr x

(m,n)
tr +W

(m,n)H
tr z(m,n)

w [kp],

where z
(m,n)
w [k] ∼ CN (0, σ2INr

) denotes additive white
Gaussian noise (AWGN) at the k-th subcarrier and the m-th
pilot symbol time interval in the n-th channel slot.

Following the property vec(AXB) = (BT ⊗ A)vec(X),
the received signal can be expressed as

y(m,n)[kp] = Φ(m,n)vec
{
H(n)[kp]

}
+ z(m,n)[kp]

= Φ(m,n)Ψ
(
ξ(n)

)
g(n)[kp] + z(m,n)[kp], (11)

where Φ(m,n) ≜
(
x
(m,n)T
tr F

(m,n)T
tr ⊗ W

(m,n)H
tr

)
∈

CNs×NrNt , z(m,n)[k] ∼ CN (0,C
(m,n)
zz ) denotes the col-

ored Gaussian noise with the covariance matrix C
(m,n)
zz =

W
(m,n)H
tr W

(m,n)
tr σ2, and Ψ(n)

(
ξ(n)

)
∈ CNtNr×µ contains

array responses and can be defined as

Ψ(n)
(
ξ(n)

)
≜ A∗

T

(
θ(n)

)
◦AR

(
ϕ(n)

)
. (12)

Since the channels for all subcarriers H(n)[k], ∀k are
constant within a channel slot, the received signal for
Mtck pilot symbols at the kp-th subcarrier y(n)[kp] ≜[
y(1,n)T[kp], . . . ,y

(Mtck,n)T[kp]
]T ∈ CNsMtck×1 can be writ-

ten as

y(n)[kp] = Φ(n)Ψ
(
ξ(n)

)
g(n)[kp] + z(n)[kp], (13)

where the matrix Φ(n) and the vector z(n)[kp] are defined as
Φ(n) ≜

[
Φ(1,n)T, . . . ,Φ(Mtck,n)T

]T ∈ CMtckNs×NtNr

and z(n)[kp] ≜
[
z(1,n)T[kp], . . . , z

(Mtck,n)T[kp]
]T ∈

CMtckNs×1, respectively, and the covariance matrix
of the colored noise z(n)[k] is given by C

(n)
zz =

blkdiag
{
C

(1,n)
zz [k], . . . ,C

(Mtck,n)
zz [k]

}
∈ CMtckNs×MtckNs .

In addition, the received signal for all pilot subcarriers
Y

(n)
tr ≜

[
y(n)[k1], . . . ,y

(n)[kP ]
]
∈ CNsMtck×P can be written

as
Y

(n)
tr = Φ(n)Ψ(ξ(n))G

(n)
P + Z

(n)
P , (14)

where the matrices G
(n)
P ≜

[
g(n)[k1], . . . ,g

(n)[kP ]
]
∈ Cµ×P

and Z
(n)
P ≜

[
z(n)[k1], . . . , z

(n)[kP ]
]

∈ CNsMtck×P denote
the path gain and colored noise for all pilot subcarriers,
respectively.

III. PROPOSED CHANNEL APPROXIMATION

In this section, we introduce novel channel approximations
by leveraging the time evolution of the angle parameters so
as to avoid Monte Carlo sampling and reduce computational
complexity in proportion to the number of available subcar-
riers K. It is assumed that the µ̂ ∈ N+ propagation paths
and corresponding parameters (e.g., AoAs, AoDs, and the
covariance matrix of the path gain) are estimated at the initial
channel slot n = 0. Let ϕ̂

(n)
i , θ̂

(n)
i with i = 1, 2, . . . , µ̂,

and Ĉ
(n)
gg ∈ CKµ̂×Kµ̂ denote the estimated AoAs, AoDs,

and covariance matrix of the path gain at the n-th channel
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slot, respectively. The correlation matrix of the path gain
corresponding to the estimated paths is assumed to be available
and is denoted by R̂ ∈ RKµ̂×Kµ̂. In the context of channel
tracking, µ̂ estimated paths correspond to the paths that are
tracked via a tracking algorithm. AoAs, AoDs, and the path
gains are updated at each channel slot n ≥ 1.

A. Sensing Matrix Design

Updating CSI leads to estimation of the array matrix
Ψ(ξ(n)) and path gain vector g(n)[kp], which should be
performed from the observation y(n)[kp]. The conventional
approaches, as in [36]–[38], utilize a Monte-Carlo sampling
method (i.e., particle filtering) to obtain the optimal MMSE
CSI estimate at the cost of tremendous computational com-
plexity. To circumvent this issue, a sensing matrix design is
proposed which exploits the time evolution models of AoAs
and AoDs.

As considered in [21]–[25], [39], mmWave channel estima-
tion and tracking problems can be reformulated by introducing
an angle-domain dictionary with quantized angle candidates
in [−π, π]. The major difference from such problems is
that angle-domain dictionaries need to consider the temporal
evolution models of the angles and the estimated CSI at the
previous channel slot(s). This leads to the need of introducing
a new dictionary design (i.e., sensing matrix design). With that
clarified, this subsection proposes a novel dictionary design.

Let ϕ̃
(n)
i,j and θ̃

(n)
i,j denote the j-th candidate of AoA and

AoD at the i-th tracking path and the n-th channel slot,
respectively. Taking the confidence interval of the Laplace-
distributed temporal evolution models in (8) into account, a
reliable angle interval of ϕ̃(n)

i,j and θ̃
(n)
i,j can be represented by

a closed interval of ϕ̃(n)
i,j ∈

[
ϕ̂
(n−1)
i −ΦiσA,i, ϕ̂

(n−1)
i +ΦiσA,i

]
and θ̃

(n)
i,j ∈

[
θ̂
(n−1)
i −ΘiσD,i, θ̂

(n−1)
i +ΘiσD,i

]
, where Φi ∈

N+ and Θi ∈ N+ denotes the positive integer determining
the confidence interval for the AoA and AoD at the i-th
tracking path, respectively. Under uniform quantization, the
j-th candidate of the AoA with j ∈ {0, 1, . . . , QR,i − 1} and
AoD with j ∈ {0, 1, . . . , QT,i − 1} are, respectively, given as

ϕ̃
(n)
i,j = ϕ̂

(n−1)
i +ΦiσA,i

−(QR,i − 1) + 2j

QR,i − 1
, ∀i, (15a)

θ̃
(n)
i,j = θ̂

(n−1)
i +ΘiσD,i

−(QT,i − 1) + 2j

QT,i − 1
, ∀i, (15b)

where QR,i ∈ N+ and QT,i ∈ N+ denote the number of
candidates for the AoA and AoD at the i-th tracking path,
respectively.

Let ϕ̃
(n)

i ≜
{
ϕ̃
(n)
i,j

}QR,i−1

j=0
, θ̃

(n)

i ≜
{
θ̃
(n)
i,j

}QT,i−1

j=0
, and

ξ̃
(n)

i ≜
{
ϕ̃

(n)

i , θ̃
(n)

i

}
be the set of candidates for the AoA,

AoD, and the union of the AoA and AoD sets at the i-
th tracking path, respectively. In light of the above, all the
possible combinations of the array responses of any AoA-AoD
pair in ξ̃

(n)

i can be expressed as

Ã
(
ξ̃
(n)

i

)
≜

(
Ã∗

T

(
θ̃
(n)

i

)
⊗ ÃR

(
ϕ̃

(n)

i

))
∈ CNtNr×QT,iQR,i .

(16)

Since the total number of such AoA-AoD combinations can
be written as E =

∑µ̂
i=1 QR,iQT,i and ξ̃

(n) ≜
{
ξ̃
(n)

i

}µ̂

i=1
,

concatenating Ã
(
ξ̃
(n)

i

)
over all the tracking paths yields

the array dictionary Ψ̃(ξ̃
(n)

) ≜
[
Ã
(
ξ̃
(n)

1

)
, . . . , Ã

(
ξ̃
(n)

µ̂

)]
∈

CNtNr×E , which enables us to rewrite the vectorized channel
as

vec
{
H(n)[k]

}
≈ Ψ̃

(
ξ̃
(n))

g̃(n)[k], (17)

where the vector g̃(n)[k] ∈ CE×1 is a sparse representation
of the path gain vector with the e-th element being the path
gain at the k-th subcarrier and AoA-AoD pair corresponding
to the e-th column of the array dictionary Ψ̃

(
ξ̃
(n))

.
Hence, the received signal at the kp-th subcarrier and n-th

channel slot can be approximated as

y(n)[kp] ≈ Φ(n)Ψ̃
(
ξ̃
(n))

g̃(n)[kp] + z(n)[kp]. (18)

Under this approximation, the sparse path gain vector
g̃(n)[kp] is the only unknown variable, and reconstructing
g̃(n)[kp] is equivalent to estimating AoAs, AoDs, and the
path gains jointly. Specifically, the angle information can
be retrieved from the position of non-zeros of g̃(n)[kp] and
those non-zeros correspond to the path gains. Note that the
sensing matrix in (18) consists of the pilot symbols, precoders,
combiners, and the array dictionary, which are all known
a priori. For the sake of simplicity, we hereafter consider
B(n) ≜ Φ(n)Ψ̃

(
ξ̃
(n))

∈ CMtckNs×E .

B. Received Signal with Delay Domain Path Gain

With the frequency-independent sensing matrix B(n), the
received signal for all pilot subcarriers in (14) can be approx-
imated as

Y
(n)
tr ≈ B(n)G̃

(n)
P + Z

(n)
P , (19)

where G̃
(n)
P ≜

[
g̃(n)[k1], . . . , g̃

(n)[kP ]
]
∈ CE×P denotes a

row-sparse matrix collecting all g̃(n)[kp], ∀kp owing to the fact
that the AoAs and AoDs are considered to be shared over
subcarriers.

As in the conventional studies such as [35]–[38], the
frequency-domain representation of the received signal in
(19) requires allocating pilot sequences to all subcarriers in
order to estimate the CSI of all subcarriers, which increases
computational complexity in proportion to the number of
available subcarriers K. In order to bypass this issue, we
consider the delay domain counterpart and interpolation via
the Fourier transform [47]. To be specific, the path gain at the
k-th subcarrier g(n)[k] can be represented in the delay domain
as in (7), which yields the following received signal model

Y
(n)
tr = Φ(n)Ψ(ξ(n))G

(n)T
D (PV)T + Z

(n)
P , (20)

where P ≜ [pk1 ,pk2 , . . . ,pkP
]T ∈ {0, 1}P×K .

The relationship between delay and frequency domain is
immutable under channel approximation using the array dictio-
nary Ψ̃

(
ξ̃
(n))

. Hence, the approximated received signal with
the sensing matrix and the path gain in the delay domain can
be expressed as

Y
(n)
tr ≈ B(n)G̃

(n)T
D (PV)T + Z

(n)
P , (21)
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Path 1 ℒ1

Path 2 ℒ2

 = 0

≠ 0

Row-sparsity w/o Prop.

E

D

Row-sparsity w/ Prop.

Fig. 2: Row-sparse structures of the transpose matrix G̃
(n)T
D

without and with the proposed sensing matrix B(n) under µ̂ =
2 tracking paths

where G̃
(n)
D ∈ CD×E denotes the approximated path gain

matrix in the delay domain, each row of which corresponds
to the path gain at each delay tap.

C. Sparsity of Path Gain Matrix

The transpose matrix G̃
(n)T
D ∈ CE×D has a row-sparse

structure due to a larger number of candidates E ≫ µ̂ and
the fact that AoAs and AoDs are constant over the delay taps.
Moreover, the position and number of non-zero rows of this
matrix are subject to the proposed sensing matrix design.

As shown in Fig. 2, the aforementioned sensing matrix B(n)

can reveal the position of rows of the transpose matrix G̃
(n)T
D ,

which corresponds to the path gain at the i-th tracking path.
In addition, only one AoA (AoD) candidate belonging to set
ϕ̃

(n)

i (θ̃
(n)

i ) is selected as the estimated AoA (AoD) for the
i-th tracking path, as highlighted in blue in Fig. 2. Therefore,
the sparsity of the path gain matrix G̃

(n)T
D can be expressed

as ∑
ℓ∈Li

∥∥∥[G̃(n)T
D

]
ℓ

∥∥∥
2,0

= 1, i = 1, 2, . . . , µ̂ (22)

where Li ≜ {
∑i

i′=1 QR,i′−1QT,i′−1 +

1,
∑i

i′=1 QR,i′−1QT,i′−1 +2, . . . ,
∑i

i′=1 QR,i′QT,i′} denotes
the index set of rows corresponding to all AoA and AoD
candidates for the i-th tracking path ξ̃

(n)

i for all delay taps,
where QR,0 = QT,0 = 0, and |Li| = QR,iQT,i.

Note that the approximated path gain matrix in the fre-
quency domain G̃

(n)
P also has the same sparse structure in

(22), and therefore the proposed algorithm presented in the
following sections is not limited to the delay domain.

IV. PROPOSED CHANNEL TRACKING

In this section, we propose a channel tracking algorithm
based on compressive sensing.

A. Compressive Sensing for Channel Tracking

From all the above, channel tracking can be formulated as a
multiple measurement vector (MMV) reconstruction problem

with l2,0 norm constraint given as

minimize
G̃

(n)
D

1

2

∥∥∥B(n)G̃
(n)T
D (PV)T −Y

(n)
tr

∥∥∥2
F
, (23a)

subject to
∑
ℓ∈Li

∥∥∥[G̃(n)T
D

]
ℓ

∥∥∥
2,0

= 1, ∀i. (23b)

Assuming that the number of nonzero elements in the sparse
signal is known, the sparse signal reconstruction problem with
l0 norm constraints can be efficiently solved using the exact
top-k feature selection as in [44]. In this study, the exact
top-µ̂ feature selection is proposed, which obtains µ̂ nonzero
elements exploiting the unique sparse structure in the path gain
matrix caused by the sensing matrix design.

First, we introduce an auxiliary variable L ∈ CE×D with
the same l2,0-norm constraint as G̃

(n)T
D , which transforms

constraint (23b) into the constraint
∥∥G̃(n)T

D − L
∥∥2
F

= 0.
Under this transformation, the optimization problem (23) can
be rewritten as an unconstrained problem via the augmented
Lagrangian method, such that

minimize
G̃

(n)T
D ,L

∥∥B(n)G̃
(n)T
D (PV)T−Y

(n)
tr

∥∥2
F
+
∥∥G̃(n)T

D −L+Λ/β
∥∥2
F
,

(24)
where the scalar β ∈ R+ and matrix Λ ∈ CE×K denote
the penalty coefficient and Lagrangian multiplier, respectively,
and note that this unconstrained optimization problem can be
efficiently solved by iteratively updating G̃

(n)T
D , L, Λ, and β.

B. Update of Path Gain Matrix

Let us first derive the updated expression of the approxi-
mated path gain matrix G̃

(n)T
D for a fixed L. In (24), the op-

timization problem for the matrix G̃
(n)T
D is a Frobenius norm

minimization problem. Hence, the optimal solution can be
obtained at ∂

∂G̃(n)T
f
(
G̃

(n)T
D

)
= 0, where function f(G̃

(n)T
D )

denotes the objective function in (24). Following the Wirtinger
derivative and the fact that (PV)T

{
(PV)T

}H
= P

K ID, the
closed-form solution can be written as

G̃
(n)T
D =

(P

K
B(n)HB(n)+IE

)−1(
L−Λ

β
+B(n)HY

(n)
tr PV∗

)
.

(25)

C. Update of Auxiliary Variable

For a given G̃
(n)T
D , the update expression of the auxiliary

variable L is given in what follows. The optimization problem
with respect to the auxiliary variable L is also a Frobenius
norm minimization problem, given by

minimize
L

∥∥L− (G̃
(n)T
D +Λ/β)

∥∥2
F
. (26)

Since the domain of the auxiliary variable L is subject to
the sparse structure described in Section III-C, the e-th row
with e ∈ Li in the auxiliary variable L is determined by

[L]e =

{
[X]e, if

∥∥[X]e
∥∥
2
= max

∀ℓ∈Li

∥∥[X]ℓ
∥∥
2

0, otherwise
, (27)

where X ≜ (G̃
(n)T
D +Λ/β).
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D. Overall Algorithm

Finally, the Lagrangian multiplier and penalty coefficient
are updated as Λ = Λ + (G̃

(n)T
D − L) and β = ρ · β, where

ρ ∈ R+ is a hyperparameter. Thus, G̃(n)T
D and L are solved

using the same procedure as in IV-B and IV-C, which is then
iterated until convergence. Note that the convergence behavior
is determined by the hyperparameter ρ, and convergence
analyses are provided by [44].

At convergence, the index of non-zeros of the matrix G̃
(n)T
D

belonging to the set of the i-th tracking path ℓ⋆ ∈ Li is finally
extracted as

ℓ⋆ = argmax
ℓ,∀ℓ∈Li

∥∥∥[G̃(n)T
D

]
ℓ

∥∥∥
2
= argmax

ℓ,∀ℓ∈Li

∥∥[L]ℓ∥∥2. (28)

Then, the estimated AoA, AoD, and the path gain at the
i-th tracking path and the n-th channel slot are determined by

ϕ̂
(n)
i = ϕ̃

(n)

i {(ℓ⋆ − 1) mod QT,iQR,i}, (29)

θ̂
(n)
i = θ̃

(n)

i

{⌊
ℓ⋆−1

QT,iQR,i

⌋}
, (30)

ĝ
(n)T
D,i =

∥∥∥[G̃(n)T
D

]
ℓ⋆

∥∥∥
2
, (31)

where ϕ̃
(n)

i {j} and θ̃
(n)

i {j} denote the j-th candidates for the
AoA ϕ̃

(n)
i,j and AoD θ̃

(n)
i,j at the i-th tracking path and the n-

th channel slot, respectively, and the estimated path gain for
all delay taps and tracking paths at the n-th channel slot is
expressed by the matrix Ĝ

(n)
D ≜

[
ĝ
(n)
D,1, . . . , ĝ

(n)
D,µ̂

]
∈ CD×µ̂.

Channel tracking based on the exact top-µ̂ feature selection
is summarized in the pseudocode in Algorithm 1, where
ϕ̂

(n) ≜ {ϕ̂(n)
i }µ̂i=1 and θ̂

(n) ≜ {θ̂(n)i }µ̂i=1 denote the set of
estimated AoAs and AoDs at the n-th channel slot, respec-
tively. Unlike particle filter (PF) [37], [38] which requires PDF
evaluations for all AoA and AoD candidates (i.e., particles)
in Monte Carlo sampling, the proposed compressive sensing
algorithm only requires one least squares (LS) solution in (25)
and norm calculation for the matrix (G̃

(n)T
D + Λ/β) in (27)

in each iteration, resulting in lower complexity.

V. ALGORITHM REFINEMENT AND SUB-SENSING
MATRICES

In this section, the previously proposed algorithm is refined
to achieve further reconstruction accuracy and robustness
against unfavorable conditions, such as low SNR and scarce
measurements MtckNs → 1.

A. Reformulation

Although the proposed channel tracking in Algorithm 1
can avoid tremendous computational costs of Monte Carlo
sampling and available subcarriers K, the temporal evolution
model and previous path gain estimates cannot be fully ex-
ploited. In order to achieve further performance improvements,
instead of (31), the estimated path gain Ĝ

(n)
D is optimized

using MMSE fashion by exploiting prior knowledge of path
gain and the AoAs and AoDs obtained from equations (29)
and (30).

This refinement implies that minimizing both the Frobenius
norm in (23a) and the mean square error of the path gain

Algorithm 1 Exact top-µ̂ feature selection for channel tracking

Input: Y(n)
tr , Φ(n), ρ, ϕ̂

(n−1)
, θ̂

(n−1)
, σA,i, σD,i, Ttop

Output: Ĥ(n)[k], ∀k

1: Generate candidates ϕ̃
(n)

, θ̃
(n)

following (15a), (15b)
2: Design sensing matrix B(n) = Φ(n)Ψ̃(ξ̃

(n)
)

3: Augmented Lagrangian
4: Initialize Λ(0) = 0, β(0) = 1, L = 0
5: for t = 1, 2, . . . , Ttop do
6: Solve G̃

(n)T
D following (25)

7: Initialize L = 0
8: for i = 1, 2, . . . , µ̂ do
9: Determine [L]e, ∀e ∈ Li following (27)

10: end for
11: Update Λ(t+ 1) = Λ(t) + (G̃

(n)T
D − L)

12: Update β(t+ 1) = ρβ(t)
13: end for
14: Obtain channel parameters
15: for i = 1, 2, . . . , µ̂ do
16: Obtain ϕ̂

(n)
i , θ̂(n)i , ĝ(n)

D,i following (29), (30), (31)
17: end for
18: Ĥ(n)[k] = AR

(
ϕ̂

(n))
diag

{(
pT
kVĜ

(n)
D

)T}
AH

T

(
θ̂
(n))

, ∀k

estimation is needed to estimate all the parameters. A rea-
sonable option to deal with two objectives is considering the
linear combination of these [48] so that the channel tracking
is rewritten by

minimize
G̃

(n)T
D ,Ĝ

(n)
D

1

2

∥∥∥B(n)G̃
(n)T
D (PV)T−Y(n)

tr

∥∥∥2
F
+E

[∥∥G(n)
µ̂ −Ĝ

(n)
D

∥∥2
F

]
,

(32a)

subject to
∑
ℓ∈Li

∥∥∥[G̃(n)T
D

]
ℓ

∥∥∥
2,0

= 1, ∀i, (32b)

where G
(n)
µ̂ ∈ CD×µ̂ satisfies Ψ

(
ξ̂
(n))

G
(n)T
µ̂ VTpk =

vec
{
H(n)[k]

}
for ∀k ∈ K with ξ̂

(n) ≜
{
ϕ̂

(n)
, θ̂

(n)}
denoting

the set of estimated AoAs and AoDs, and note that the MMSE
approach with actual path gain G

(n)
µ̂ that cannot be explicitly

expressed is explained in detail in Section V-D.

B. Multiple Sub-sensing Matrices

When it comes to the AoAs and AoDs estimation, the first
term of the objective function (32a) suffices while fixing Ĝ

(n)
D ,

which can be performed by Algorithm 1. However, Algorithm
1 does not take into account the mutual coherence of the
sensing matrix B(n); in other words, any pair of the columns
of B(n) may be highly correlated, leading to high mutual
coherence and performance limitation [49].

The mutual coherence of the sensing matrix consisting of
the array dictionary depends on the minimum angle difference
between AoA and AoD candidates. In the proposed design,
the limitations of quantization intervals of the angle candidates
may lead to higher mutual coherence than that in conventional
estimation methods [21]–[25], [39]. In particular, tracking
channel fluctuations in the order of less than milliseconds
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AoA candidate set ϕ̃(n)
i Subset 1 ϕ̃(n)

i,0 Subset 2 ϕ̃(n)
i,1

Subset 1 θ̃(n)
i,0AoD candidate set θ̃(n)

i Subset 2 θ̃(n)
i,1

Fig. 3: Example of subsets for angle candidates.

are of interest in the considered channel tracking context,
which can result in rather high mutual coherence as the angle
difference may be minuscule. Moreover, mutual coherence
affects the reconstruction performance more remarkably under
a lower SNR and/or smaller measurement dimensions MtckNs

relative to the variable dimensions NrNt.
To accurately update CSI, even under such conditions,

the concept of multiple sub-sensing matrices by splitting
the sensing matrix B(n) for mutual coherence reduction is
introduced. Note that, in the proposed sensing matrix design,
the estimated AoA and AoD at the i-th tracking path are
selected from only within the sets ϕ̃

(n)

i and θ̃
(n)

i , respectively,
and the effective mutual coherence is determined by the
minimum angle difference within the sets ϕ̃

(n)

i and θ̃
(n)

i for
∀i. Therefore, the sets ϕ̃

(n)

i and θ̃
(n)

i , ∀i are split into several
subsets to maximize the minimum angle difference within
the subsets, as shown in Fig. 3, which is an example that
a candidate set is split into two subsets.

Specifically, for the i-th tracking path, QR,i = UR,i · qR,i

AoA and QT,i = UT,i · qT,i AoD candidates are considered
and split into UR,i ∈ N+ and UT,i ∈ N+ subsets, respectively,
which are defined as

ϕ̃
(n)

i,u ≜
{
ϕ̃
(n)
i,u , ϕ̃

(n)
i,u+UR,i

, ϕ̃
(n)
i,u+2UR,i

, . . . ,ϕ̃
(n)
i,u+(qR,i−1)UR,i

}
,

(33)

θ̃
(n)

i,u ≜
{
θ̃
(n)
i,u , θ̃

(n)
i,u+UT,i

, θ̃
(n)
i,u+2UT,i

, . . . , θ̃
(n)
i,u+(qT,i−1)UT,i

}
,

(34)

where u ∈ N denotes the index of the subsets, and note that
the sets of AoA and AoD candidates for the i-th tracking path
can be interpreted as

ϕ̃
(n)

i ≜
{
ϕ̃

(n)

i,0 , ϕ̃
(n)

i,1 , . . . , ϕ̃
(n)

i,UR,i−1

}
,

∣∣ϕ̃(n)

i

∣∣ = UR,i, (35)

θ̃
(n)

i ≜
{
θ̃
(n)

i,0 , θ̃
(n)

i,1 , . . . , θ̃
(n)

i,UT,i−1

}
,

∣∣θ̃(n)

i

∣∣ = UT,i, (36)

where each element corresponds to the subset, meaning
|ϕ̃

(n)

i,u | = qR,i and |θ̃
(n)

i,u | = qT,i.
Then, the union of the u-th AoA subset and the u′-th

AoD subset ξ̃
(n)

i,u,u′ ≜
{
ϕ̃

(n)

i,u , θ̃
(n)

i,u′

}
is one of the possible

AoA-AoD subset pairs for the i-th tracking path. Hence,
the direct product of the sets ϕ̃

(n)

i × θ̃
(n)

i expresses all the

possible AoA-AoD subset pairs for the i-th tracking path
ϕ̃

(n)

i × θ̃
(n)

i ≜
{
ξ̃
(n)

i,0,0, . . . , ξ̃
(n)

i,UR,i−1,UT,i−1

}
. Considering all

tracking paths, the direct product of all the subsets for AoA
and AoD candidates can express all the possible AoA-AoD
subset pairs, defined as

ξ̃
(n)

all ≜
µ̂∏

i=1

ϕ̃
(n)

i × θ̃
(n)

i

=
{{

ξ̃
(n)

1,0,0, . . . , ξ̃
(n)

µ̂,0,0

}︸ ︷︷ ︸
≜
{
ξ̃
(n)
all

}
0

, . . . ,

, . . . ,
{
ξ̃
(n)

1,UR,i−1,UT,i−1, . . . ,ξ̃
(n)

µ̂,UR,i−1,UT,i−1

}︸ ︷︷ ︸
≜
{
ξ̃
(n)
all

}
S−1

}
,

(37)

whose cardinality is
∣∣ξ̃(n)all

∣∣ = ∏µ̂
i=1 UR,iUT,i.

Let s ∈ {0, 1, . . . , S−1} denote the index of the element for
the set ξ̃

(n)

all , where S is the cardinality of the set S ≜
∣∣ξ̃(n)all

∣∣.
The s-th element of the set

{
ξ̃
(n)

all

}
s

is also the set consisting of

AoA and AoD subset pairs for all tracking paths ξ̃
(n)

i,u,u′ , whose

cardinality is
∣∣{ξ̃(n)all

}
s

∣∣ = µ. Since the union of AoA and AoD

subsets ξ̃
(n)

i,u,u′ consists of AoA and AoD candidates in subsets
in (33) and (34), AoA and/or AoD candidates of all or some
tracking paths in the s′-th set

{
ξ̃
(n)

all

}
s′
(s′ ̸= s) differ from

those in the s-th set, as shown in Fig. 4. In this figure, all the
sets with QT,i = QR,i = 8, ∀i candidates are split into UR,i =
UT,i = 2, ∀i subsets with qT,i = qR,i = 4, ∀i candidates to
track µ̂ = 2 paths, resulting in S =

∏2
i=1 UR,iUT,i = 16 sub-

array dictionaries and sub-sensing matrices. The s = 0-th set
includes the u = 0-th subset for AoA at the i = 1-st tracking
path, whereas the s = 1-st set includes the u = 1-st one.

The sub-array dictionary in the s-th element can be defined
as Ψ̃

({
ξ̃
(n)

all

}
s

)
∈ CNtNr×Esub , where Esub ∈ N+ denotes the

total number of AoA-AoD combinations in the s-th element,
which is given as Esub =

∑µ̂
i=1 qR,iqT,i. With sub-array

dictionaries Ψ̃
({

ξ̃
(n)

all

}
s

)
, ∀s, sensing matrix B(n) can be split

into S sub-sensing matrices B
(n)
s ≜ Φ(n)Ψ̃

({
ξ̃
(n)

all

}
s

)
∈

CMtckNs×Esub , ∀s, whose mutual coherence is less than that
of the original.

Using sub-sensing matrices, the optimization problem in
(32) with a fixed Ĝ

(n)
D is reduced to S sub-problems, each

given as

minimize
G̃

(n)T
D,s

1

2

∥∥∥B(n)
s G̃

(n)T
D,s (PV)T −Y

(n)
tr

∥∥∥2
F

(38a)

subject to
∑
ℓ∈Ji

∥∥∥[G̃(n)T
D,s

]
ℓ

∥∥∥
2,0

= 1, ∀i, (38b)

where G̃
(n)T
D,s ∈ CEsub×D denotes the row-sparse path gain

matrix corresponding to the s-th sub-sensing matrix, and
Ji ≜ {

∑i
i′=1 qR,i′−1qT,i′−1 + 1,

∑i
i′=1 qR,i′−1qT,i′−1 +

2, . . . ,
∑i

i′=1 qR,i′qT,i′} denotes the index set of rows corre-
sponding to all AoA and AoD candidates at the i-th tracking
path, where qR,0 = qT,0 = 0.
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ϕ̃(n)
1,0 ϕ̃(n)

1,1

θ̃(n)
1,0 θ̃(n)

1,1

ϕ̃(n)
2,0

θ̃(n)
2,0

ϕ̃(n)
2,1

θ̃(n)
2,1

,  B(n)
0 {ξ̃(n)

all }0
,  B(n)

1 {ξ̃(n)
all }1

,  B(n)
S−1 {ξ̃(n)

all }S−1

⋯

⋯

Subset: Path 2-AoA

Subset: Path 1-AoA

ϕ̃(n)
1,0

θ̃(n)
1,0

ϕ̃(n)
2,0

θ̃(n)
2,0

θ̃(n)
1,0

ϕ̃(n)
2,0

θ̃(n)
2,0

ϕ̃(n)
1,1 ϕ̃(n)

1,1

θ̃(n)
1,1

ϕ̃(n)
2,1

θ̃(n)
2,1

Subset: Path 1-AoD

Subset: Path 2-AoD

Fig. 4: Example of sub-sensing matrices with µ̂ = 2 tracking
paths.

C. AoA and AoD Estimation via Consensus

Each sub-problem in (38) can be solved using Algorithm 1.
In the exact top-µ̂ feature selection, the indices of the nonzero
elements in the matrix G̃

(n)T
D,s depend on the first iteration of

the algorithm. Thus, to obtain only the estimated AoAs and
AoDs, it is sufficient to determine the nonzero elements using
(25) and (27) with B

(n)
s and G̃

(n)T
D,s without iterations.

Let ϕ̂
(n)
i,s ∈ R and θ̂

(n)
i,s ∈ R denote the estimated AoA

and AoD at the i-th tracking path and the n-th channel
slot obtained from the s-th sub-problem, respectively. The
estimated AoA and AoD for the channel at the n-th channel
slot can be obtained as

ϕ̂
(n)
i =

S∑
s=1

ω(n)
s ϕ̂

(n)
i,s , θ̂

(n)
i =

S∑
s=1

ω(n)
s θ̂

(n)
i,s , (39)

where ω
(n)
i ∈ R+ denotes a weight of the s-th estimator.

From (39) it can be seen that the AoA and AoD estima-
tion accuracy depends on both the consensus processes (i.e.,
weight calculation) and the reconstruction performance of each
sub-problem.

In what follows, a weight calculation based on the condi-
tional PDF of the received signal is introduced as one possible
solution to this problem. To calculate the PDF easier, the
vectorized received signal y(n)

tr ≜ vec
{
Y

(n)
tr

}
∈ CPMtckNs×1

is considered and given as

y
(n)
tr =

(
IP ⊗Φ(n)Ψ

(
ξ(n)

))
(PV ⊗ Iµ)g

(n)
D + z

(n)
P , (40)

where g
(n)
D ≜ vec

{
G

(n)T
D

}
∈ CDµ×1 and z

(n)
P ≜

vec
{
Z

(n)
P

}
∈ CPMtckNs×1. Note that if the pilot symbols

are allocated for all subcarriers P = K, P = IK and
(V ⊗ Iµ)g

(n)
D = g(n) holds.

Let Â(n)
s ≜ {ξ̂

(n′)

s }nn′=0 and Y(n) ≜ {y(n′)
tr }nn′=0 denote the

set of angle estimates at the s-th sub-problem and received
signals over the channel slots, respectively, where the set
of angle estimates at the n-th channel slot is defined as
ξ̂
(n)

s ≜ {ϕ̂(n)
1,s , . . . , ϕ̂

(n)
µ̂,s, θ̂

(n)
1,s , . . . , θ̂

(n)
µ̂,s}. The conditional PDF

of the observation over the channel slots given AoA and
AoD estimates from the s-th sub-problem corresponds to the
reliability of the estimates. Hence, the weight for the s-th
estimator can be calculated as

ω(n)
s =

p(y
(n)
tr | Â(n)

s ,Y(n−1))∑S
s=1 p(y

(n)
tr | Â(n)

s ,Y(n−1))
. (41)

Since the time evolution of the path gain follows a Gaussian
distribution, the conditional PDF of the estimated path gain is
given by

p(ĝ
(n)
D | G(n−1)

D ) = CN (ĝ
(n|n−1)
D , Ĉ

(n|n−1)
D,gg ),

where G(n)
D ≜ {g(n′)

D }nn′=0 denotes the set of path gain
estimates over channel slots; the vector ĝ

(n|n−1)
D ∈ CDµ̂×1

and matrix Ĉ
(n|n−1)
D,gg ∈ CDµ̂×Dµ̂ denote the prediction value

of the path gain and covariance matrix of the prediction errors
at the n-th channel slot, respectively, calculated as

ĝ
(n|n−1)
D = R̂Dĝ

(n−1)
D , (42)

Ĉ
(n|n−1)
D,gg = R̂DĈ

(n−1)
D,gg R̂H

D +
(
Iµ̂D − R̂DR̂

H
D

)
Ĉ

(0)
D,gg, (43)

where R̂D ∈ CDµ̂×Dµ̂ and Ĉ
(n)
D,gg ∈ CDµ̂×Dµ̂ denotes the

correlation matrix and covariance matrix of the path gain in the
delay domain, respectively, given as R̂D = (VH⊗ Iµ̂)R̂(V⊗
Iµ̂) and Ĉ

(n)
D,gg = (VH ⊗ Iµ̂)Ĉ

(n)
gg (V ⊗ Iµ̂).

Given estimated angles ξ̂
(n)

s , the matrix T̂
(n)
D,s ≜

(
IP ⊗

Φ(n)Ψ
(
ξ̂
(n)

s

))
(PV⊗ Iµ̂) ∈ CPMtckNs×Dµ̂ can be considered

a transfer function for the received signal y(n)
tr and the path

gain. Therefore, the conditional PDF p(y
(n)
tr | Â(n)

s ,Y(n−1))
is given by

p(y
(n)
tr | Â(n)

s ,Y(n−1)) (44)

= CN
(
T̂

(n)
D,sĝ

(n|n−1)
D , T̂

(n)
D,sĈ

(n|n−1)
D,gg T̂

(n)H
D,s + IP ⊗C(n)

zz

)
.

D. Path Gain Estimation via Kalman Filter

After obtaining the estimated AoAs and AoDs ξ̂
(n)

, what
is left is the estimation of the path gain ĜD, which can be
obtained by solving the optimization problem in (32) for a
fixed G̃

(n)T
D , namely,

minimize
ĝ
(n)
D

E
[∥∥g(n)

µ̂ − ĝ
(n)
D

∥∥2
F

]
, (45)

where g
(n)
µ̂ ≜ vec

{
G

(n)T
µ̂

}
and ĝ

(n)
D ≜ vec

{
G

(n)T
D

}
, and note

that well-known MMSE estimation methods cannot solve the
optimization problem (45) due to the actual path gain.

However, the variable ĝ
(n)
D , its time fluctuation, and mea-

surement noise z
(n)
P follow Gaussian distributions. Moreover,

given the estimated AoAs and AoDs, the relationship be-
tween the received signal y

(n)
tr and path gain g

(n)
µ̂ is lin-

ear with respect to the transfer function T̂
(n)
D ≜ (IP ⊗

Φ(n)Ψ(ξ̂
(n)

))(PV⊗ Iµ̂). Therefore, the optimal MMSE esti-
mator of the path gain can be obtained using KF with optimal
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Algorithm 2 Channel tracking with sub-sensing matrices

Input: Y(n)
tr ,Φ(n), ξ̂

(n−1)
, σ2

A,i, σ
2
D,i, ĝ

(n−1)
D , Ĉ(n−1)

D,gg , R̂D

Output: Ĥ(n)[k], ∀k

1: Generate candidates ϕ̃
(n)

, θ̃
(n)

following (15a), (15b)
2: KF prediction following (42), (43)
3: for s = 1, 2, . . . , S do
4: Design sensing matrix B

(n)
s ≜ Φ(n)Ψ̃

({
ξ̃
(n)

all

}
s

)
5: Initialize Ls = 0 ∈ CEsub×D

6: Solve G̃
(n)T
D,s following (25) with B

(n)
s

7: for i = 1, 2, . . . , µ̂ do
8: Determine [Ls]e, ∀e ∈ Ji following (27)
9: Obtain ℓ⋆ = argmax

ℓ,∀ℓ∈Ji

∥∥[Ls]ℓ
∥∥, ∀ℓ ∈ Ji

10: Obtain ϕ̂
(n)
i,s following (29) with

{
ξ̃
(n)

all

}
s
, qR,i, qT,i

11: Obtain θ̂
(n)
i,s following (30) with

{
ξ̃
(n)

all

}
s
, qR,i, qT,i

12: end for
13: Calculate the PDF p

(
y
(n)
tr | Â(n)

s ,Y(n−1)
tr

)
14: end for
15: Calculate weights ω

(n)
s , i = 1, . . . , S following (41)

16: Determine the estimated angles ξ̂
(n)

following (39).
17: KF measurement update ĝ

(n)
D following (46), (47), (48)

18: Estimated CSI ĥ(n) =
(
IP ⊗ Ψ̂

(
ξ̂
(n)))

(V ⊗ Iµ̂)ĝ
(n)
D

19: Reshape
[
Ĥ(n)[0], . . . , Ĥ(n)[K − 1]

]
= unvec

{
ĥ(n)

}
, ∀k

Kalman gain and without the explicit expression of g(n)
µ̂ , and

the estimation procedures are expressed as

K
(n)
D =Ĉ

(n|n−1)
D,gg T̂

(n)H
D

(
T̂

(n)
D Ĉ

(n|n−1)
D,gg T̂

(n)H
D + IP ⊗C(n)

zz

)−1
,

(46)

ĝ
(n)
D = ĝ

(n|n−1)
D +K

(n)
D

(
y(n) − T̂

(n)
D ĝ

(n|n−1)
D

)
, (47)

Ĉ
(n)
D,gg= Ĉ

(n|n−1)
D,gg −K

(n)
D T̂

(n)
D Ĉ

(n|n−1)
D,gg , (48)

where K
(n)
D ∈ CDµ̂×DMtckNs denotes the Kalman gain.

Combining multiple sub-sensing matrices and Kalman fil-
tering with Algorithm 1 yields the pseudocode in Algorithm
2, where the previously estimated path gain ĝ

(n−1)
D is set to

zero at the n = 1-th channel slot, that is, ĝ(n−1)
D = ĝ

(0)
D = 0.

VI. PERFORMANCE ASSESSMENT

In this section, thorough performance assessments are pro-
vided for the proposed methods.

A. Floating Operations

In order to assess the effect of the proposed complexity
reductions quantitatively, the computational complexity of the
channel tracking algorithms is evaluated by FLOPs, including
the number of multiplications.

1) State-of-the-Art Method: For the conventional algorithm
based on GMPF proposed in [37], the evaluations of particles
for AoAs and AoDs via PF and path gain estimation via KF
are the most computationally expensive. The complexity of
these operations are proportional to the cube of the number of
available subcarriers K and training overhead MtckNs. Unlike

the proposed algorithms, this algorithm estimates the path gain
for all subcarriers and estimates it for all resampled particles.
Let NPF ∈ N+ and N ′

PF(≤ NPF) denote the numbers
of particles and resampled particles, respectively. The total
number of FLOPs required for the conventional algorithm is
approximately given as

Fconv≈NPF

{
K3M2

tckN
2
s (µ̂+ 2MtckNs) +MtckNsNtNrµ̂

}
+N ′

PF

{
K3µ̂(M2

tckN
2
s + µ̂MtckNs + 2µ̂2)

}
, (49)

where MtckNsNtNrµ̂ denotes the number of FLOPs required
to calculate the transfer function in the KF update step. In
this algorithm, the number of resampled particles N ′

PF is
not known in advance. Thus, the total number of FLOPs is
calculated assuming N ′

PF = 1 to be the lower bound through
performance evaluations.

2) One sensing matrix: The proposed sensing matrix design
requires Fsens = MtckNsNtNrE FLOPs. For Algorithm 1, an
E-dimensional inverse matrix must be calculated to solve the
sparse matrix G̃

(n)T
D following (25), once before iterations.

Each iteration requires one multiplication in (25) and l2 norm
calculations for all rows in the E-by-D matrix X in (27).
Hence, the total number of FLOPs required for Algorithm 1
is given by

Ftop = Fsens + E3 + E2(MtckNs + TtopD)

+ E{3TtopD + P (D +MtckNs)}+ 1. (50)

This algorithm achieves linear-order computational complexity
with respect to both the number of pilot symbols Mtck and
pilot subcarriers P . Although the complexity is proportional
to the cube of the total number of candidates E, it can be
kept small E3 < K3M3

tckN
3
s because of the limitations of the

quantization intervals for the angle candidates in the proposed
sensing matrix design.

3) Multiple sub-sensing matrices: The design of the sub-
sensing matrices requires Fsub = SMtckNsNtNrEsub FLOPs.
For Algorithm 2, weight calculations in (41) and path gain
estimation via KF are the most computationally expensive. In
contrast to the conventional algorithm, KF estimates the path
gain for all delay taps only once. Therefore, the total number
of FLOPs required for Algorithm 2 is given by

Fmulti ≈ Fsub + SE3
sub + (2S + 1)P 3M3

tckN
3
s + 2D3µ̂3

+MtckNsNtNrµ̂+ (S + 2)P 2DM2
tckN

2
s µ̂

+ (S + 1 + µ̂)PD2MtckNsµ̂. (51)

It is evident from (50) and (51) that the total number
of FLOPs for the proposed algorithms is proportional to
the number of pilot subcarriers P and not to the available
subcarriers K.

B. Other Compressive Sensing Algorithms

Well-known algorithms, such as orthogonal matching pur-
suit (OMP) [21]–[23] and sparse Bayesian learning (SBL)
[25], can be applied to solve the proposed compressive sensing
problem in (23).
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However, in OMP, to ensure orthogonality, the constraint for
the unique sparsity in (22) should be relaxed into the constraint
for the standard row-sparsity∥∥∥G̃(n)T

D

∥∥∥
2,0

= µ̂. (52)

The effectiveness of the proposed sensing matrix design
is vanished by this relaxation. In other words, the channel
tracking based on OMP cannot ensure the updates of the path
gain, AoAs, and AoDs for all tracking paths, leading to poor
or no tracking gain.

For SBL, although the unique sparse structure in (22) can be
considered, multiple inverse matrix calculations are required
to update unknown variables. Specifically, in the considered
system, block SBL [25], which is an iterative algorithm to
estimate the block-sparse signals, requires inverse matrices
with dimensions E and MtckNs for each iteration. Therefore,
if the number of iterations required by SBL becomes large, the
complexity of channel tracking based on compressive sensing
is comparable with or higher than that based on GMPF [37].

In contrast to SBL, the proposed approaches ensure a lower
complexity than GMPF [37] if the number of sub-sensing
matrix S is less than the number of particles NPF. From all the
above, in the following subsections, only the channel tracking
methods based on the proposed algorithms and GMPF are
evaluated to focus on the trade-off in terms of channel tracking
gain and complexity. The choice of the optimal compressive
sensing algorithm remains as our future work.

C. Simulation Setup

In what follows, the tracking gains for the conventional and
proposed channel tracking methods are evaluated via computer
simulations.

Consider an uplink cellular system with a cell radius of 100
[m] operating at a carrier frequency of fc = 60 [GHz] with
K = 36 subcarriers and W = 960 [kHz] subcarrier spacing3.
The sampling duration Ts is calculated as Ts = 1/(WK) =

28.9 [ns]. The time delays are generated following τ
(n)
c ∼

Ucont[0, (D−1)Ts] as in [22], [23], where D = K/4 = 9 and
Ucont denotes a continuous uniform distribution. The cyclic
prefix length is also set to D, leading to the OFDM symbol
duration Tsys = (K + D)Ts = 1.30 [µs]. The number of
OFDM symbols Mtotal in each channel slot, including both
pilot and data symbols, is assumed to be Mtotal = 110. The
AWGN variation at each subcarrier is modeled as

10 log10(σ
2
u) = 10 log10(1000κT )+10 log10(W )+NF, (53)

where κ denotes the Boltzmann constant, T = 293.15 [K] is
the physical temperature, and NF = 5 [dB] is the noise figure.

At the initial channel slot n = 0, it is assumed that the
composed path from each cluster is estimated by a certain
mmWave channel estimation method with Mini = 100 pilot
symbols. Note that the initial mmWave channel estimation

3We assume only 36 subcarriers to consider the balance between the
simulation time and reasonable setup. Note that because the total number of
candidates E is independent of the number of subcarriers, the effectiveness
of the complexity reduction by the proposed algorithms is more remarkable
in practical situations employing more subcarriers.

can be performed by developed estimation methods in the
literature such as [23], [24]. Thus, the estimated AoAs and
AoDs in the initial channel slot are ϕ̂

(0)
c = 1

Rc

∑Rc

r=1 ϕ
(0)
c,r

and θ̂
(0)
c = 1

Rc

∑Rc

r=1 θ
(0)
c,r , respectively. In turn, the estimated

covariance matrix Ĉ
(0)
gg for the path gain in the frequency

domain is given as Ĉ
(0)
gg = VV∗ ⊗ 1

µdiag
{
cTPL

}
, where the

vector cPL contains the path loss components for composite
paths defined by cPL ≜ [R1PL1, . . . , RCPLC ]

T ∈ RC×1.
Consequently, the number of tracking paths is µ̂ = C = 3.

The other parameters and assumptions for the time fluc-
tuations, channel parameters, available antenna elements, and
transmit power are similar to those in [37], and are shown in
Table II, where U denotes a discrete uniform distribution. The
root-raised cosine roll-off filter is used for pulse shaping sim-
ilar to [37]. Then, the equivalent pulse shaping response p(t)
is given by the raised cosine roll-off filter whose expression
is

p(t) = sinc
(

t
Tsys

) cos
(

πα
Tsys

t
)

1−
(

2α
Tsys

t
)2 , (54)

where sinc(·) denotes the normalized sinc function, and the
roll-off factor α ∈ [0, 1] is set to 0.3.

The tracking gain is evaluated in terms of the sum spectral
efficiency over subcarriers. At each channel slot (n ≥ 1), the
sum spectral efficiency is defined as

SE(n)≜
K−1∑
k=0

η[k] log2

∣∣∣INs +H
(n)
eff [k]H

(n)H
eff [k]C(n)

ww

−1
[k]

∣∣∣,
(55)

where C
(n)
ww[k] ≜ σ2W(n)H[k]W(n)[k] and H

(n)
eff [k] ≜

W(n)H[k]H(n)[k]F(n)[k]. In the data transmission, block level
singular value decomposition (SVD) precoding F(n)[k] ∈
CNt×Ns,data and combining W(n)[k] ∈ CNr×Ns,data based
on the estimated CSI Ĥ(n)[k], ∀k are performed for each
subcarrier, where Ns,data ∈ N+ denotes the number of data
streams in the data transmission. In the computer simulations,
the number of data streams is assumed to be Ns,data = 3.
For precoding, the power allocation is based on water filling.
Scalar η ∈ R+ denotes the data transmission efficiency
provided by

η[k] =

{
1

Mtotal
(Mtotal −Mtck), if k ∈ P

1, otherwise
. (56)

D. Comparison to State-of-the-Art Methods
The conventional approach based on GMPF with NPF = 50

particles [37] is evaluated to offer the tracking gain achieved
by the MMSE estimator of the channel.

For the proposed approaches, in the sensing matrix design,
the number of candidates for each tracking path is set to
QR,1 = QT,i = 8, ∀i and QR,i = 1, (i = 2, . . . , µ̂), meaning
σA,i = 0 and ϕ̃

(n)
i,0 = ϕ̂

(0)
i , (i = 2, . . . , µ̂). Further parameters

are Φi = Θi = 4, ∀i, which lead to a 99% confidence interval
in the Laplace distribution. The pilot allocation is considered
as KP = {1, 3, 5, . . . ,K − 1}, P = K/2 = 18.

For the exact top-µ̂ feature selection in Algorithm 1, the
hyperparameter ρ = 1.02 and the maximum number of
iterations Ttop = 100 are considered.
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For the proposed approach with multiple sub-sensing ma-
trices in Algorithm 2, considering the trade-off between per-
formance and complexity, only AoA and AoD candidates
for the LOS component are split into two subsets, meaning
UR,1 = UT,1 = 2 and UR,i = UT,i = 1, (i = 2, 3).
Consequently, S =

∏µ̂
i=1 UR,i ·UT,i = 4 sub-sensing matrices

with Esub =
∑µ̂

i=1 qR,iqT,i = 32 candidate combinations are
used for each sub-problem in (38).

The proposed approaches in the frequency domain are
also evaluated to clarify the difference between compressive
sensing and particle filter [37] and the effectiveness of delay-
domain approaches. Specifically, frequency-domain channel
tracking based on the top-µ̂ feature selection is performed by
solving the optimization problem

minimize
G̃

(n)
P

1

2

∥∥∥B(n)G̃
(n)
P −Y

(n)
tr

∥∥∥2
F
, (57a)

subject to
∑
ℓ∈Li

∥∥∥[G̃(n)
P

]
ℓ

∥∥∥
2,0

= 1, ∀i, (57b)

with KP = K and P = K.
For the refined version of the proposed approach in the

frequency domain, channel tracking is formulated as

minimize
G̃

(n)
P ,Ĝ

(n)
P

1

2

∥∥∥B(n)G̃
(n)
P −Y

(n)
tr

∥∥∥2
F
+E

[∥∥G(n)
µ̂,F − Ĝ

(n)
P

∥∥2
F

]
,

(58a)

subject to
∑
ℓ∈Li

∥∥∥[G̃(n)
P

]
ℓ

∥∥∥
2,0

= 1, ∀i, (58b)

where G
(n)
µ̂,F ∈ Cµ̂×K and Ĝ

(n)
P ∈ Cµ̂×P denote actual

and estimated path gain matrices in the frequency domain,
respectively.

In addition, to confirm the effect of the angle estimation
for both conventional and proposed approaches, the path gain
tracking, which tracks only the path gain for all subcarriers
via KF and assumes constant AoAs and AoDs, as estimated
in the first slot, is evaluated and formulated as

minimize
Ĝ

(n)
P

E
[∥∥G(n)

µ̂,F − Ĝ
(n)
P

∥∥2
F

]
, (59a)

subject to ϕ̂
(n)
i = ϕ̂

(0)
i , (i = 1, . . . , µ̂), (59b)

ϕ̂
(n)
i = θ̂

(0)
i , (i = 1, . . . , µ̂). (59c)

This approach is denoted as“ Only Gain Tracking” in the
following subsections.

E. Spectral Efficiency vs. Channel Slot

First, we evaluate the variation in the sum spectral efficiency
with time, as shown in Fig. 5. In this article, solid lines
with plus“ +”markers and the solid line without markers
show the performances for the cases of perfect tracking
and without tracking, respectively. The frequency and delay
domain channel tracking are denoted by lines with and without
markers, respectively. Thus, the spectral efficiency difference
between the standard solid line and these lines indicates the
tracking gain. In this figure, the spectral efficiency at the initial
channel slot n = 0 is lower than that at the others owing to the

TABLE II: Simulation Parameters

Symbol Parameter Value
C Num. of clusters 3

Rc, c ̸= 1 Num. of rays within a cluster U ∼ [6, 20]
Ttck Length of each channel slot 0.1577 [ms]
v Velocity of UE 30 [m/s]

σA,1,1 Time fluctuation of the AoA 0.99 [rad](LOS)
σA,c,r Time fluctuation of AoAs 0 [rad]
σD,c,r Time fluctuation of all AoDs 0.99 [rad]
Mtotal Num. of OFDM symbols 110
Mini Num. of pilot symbols 100

(a, b, c) Parameters to calculate R
(
0.91, 0.1

λ , 0
)

Nr Num. of received antennas 64
Nt Num. of transmit antennas 32

Nt,RF Num. of transmit RF chains 4
Nr,RF Num. of received RF chains 4
P Transmit power 35 [dBm]
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Fig. 5: Sum spectral efficiency as a function of channel slots

channel estimation with larger training overheads compared
with channel tracking Mini ≪ Mtck. The number of pilot
symbols is Mtck = 6.

From the figure, the delay-domain channel tracking obtains
a tracking gain comparable to that of the frequency domain,
while reducing the number of FLOPs K3 → P 3, P 2D or
PD2. The comparisons between“Only Gain Tracking”, which
is denoted by a solid line with triangles, and the proposed ap-
proach denoted by the dotted line and in Algorithm 1, confirm
the effectiveness of AoAs and AoDs tracking by compressive
sensing. Moreover, the proposed approach can estimate the
path gain without KF and requires Ftop ≈ 1.09× 107 FLOPs,
which are about 100 times lower than that of the path gain
tracking via KF, given as 8.20× 108.

The conventional approach of [37], denoted by a solid line
with circles, achieves the sum spectral efficiency closest to
the perfect tracking case by AoA and AoD estimations based
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on the particle filter. However, the total number of FLOPs
required for this algorithm is Fconv ≈ 6.86 × 1010, which is
5 × 103 times higher than that of the proposed approach in
Algorithm 1.

The proposed approach in Algorithm 2 with S = 4 sub-
sensing matrices obtains higher tracking gain than the single-
sensing approaches while maintaining 100 times lower com-
plexity than the conventional approach Fmulti ≈ 7.59×108 <
Fconv ≈ 6.86 × 1010. The results confirm the effectiveness
of the proposed sub-sensing approach, consensus process, and
incorporation of KF.

F. Spectral Efficiency vs. Training Overhead

Next, we evaluate the relationship between the training
overhead and tracking gain, as shown in Fig. 6. To confirm the
robustness of Algorithm 2 against low SNR, transmit power
is P = 20 [dBm] in Fig. 6(b). The total number of FLOPs
as a function of the number of pilot symbols Mtck for each
algorithm is shown in Fig. 7. The spectral efficiencies plotted
in Fig. 6 are the mean values over 21 channel slots given as∑20

n=0 SE
(n)/21.

In Fig. 6(a), all the proposed approaches achieve higher
spectral efficiencies with more pilot symbols Mtck through
Mtck = 1 to Mtck = 6, whereas the proposed approaches
cannot obtain tracking gain in Mtck = 1. These results indicate
that compressive sensing is sensitive to the size of the measure-
ment dimensions MtckNs relative to the estimation dimensions
NtNr. Under small measurements, especially with the number
of pilot symbols Mtck = 2, the proposed coherence reduction
by introducing multiple sub-sensing matrices is more effective.
The conventional approach is less dependent on the mea-
surement dimensions. Hence, the overhead increase is more
pronounced than the channel estimation accuracy improvement
in the spectral efficiency at more than Mtck = 2 pilot symbols.
Although the conventional approach with Mtck = 2 pilot
symbols obtains the highest tracking gain, the total number
of FLOPs is more than 100 times larger than the proposed
approach of Algorithm 1 with Mtck = 6 pilot symbols from
Fig. 7.

From Fig. 6(b), in the low SNR region, although channel
tracking based on Algorithm 1 cannot obtain tracking gain,
that based on Algorithm 2 can obtain tracking gain with
more than Mtck = 3 pilot symbols. This result confirms
that the mutual coherence reduction by sub-sensing matrices
and the consensus process utilizing KF filter in the proposed
algorithm refinement bring robustness against low SNR to
channel tracking based on compressive sensing.

G. Trade-off between Tracking Gain and Complexity

In practical situations, the computational complexity should
be adjusted considering real-time processing by tuning the
algorithm parameters, such as the number of particles NPF,
candidates QR,i, QT,i, and sub-sensing matrices S. Therefore,
we evaluate the trade-off between the tracking gain and
complexity based on the sum spectral efficiency as a function
of those parameters, as shown in Fig. 8. Since the relationship
between the frequency and delay domains in the proposed
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Fig. 6: Sum spectral efficiency as a function of the number of
pilot symbols Mtck

channel tracking is already revealed in previous subsections,
only the delay domain channel tracking is considered for the
proposed approaches in Fig. 8. In addition, the number of pilot
symbols is Mtck = 6.

In this figure, the horizontal axis corresponds to the num-
ber of particles NPF and candidates QR,1 = QT,i for the
conventional and proposed approaches with a sensing matrix,
respectively. For the proposed approach with multiple sub-
sensing matrices, since tracking accuracy depends on the num-
ber of sub-sensing matrices S rather than that of candidates
QR,i and QT,i, the algorithms with S = 4 and S = 16
sub-sensing matrices under the QR,1 = QT,i = 8 candidates
are evaluated. Especially in the case of S = 16 sub-sensing
matrices, the AoA and AoD candidates for the LOS compo-
nent are split into four subsets, meaning UR,1 = UT,1 = 4,
UR,i = UT,i = 1, (i ̸= 1), and S =

∏3
i=1 = UR,i · UT,i = 16.

The vertical axis shows the mean value of the sum spectral
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Fig. 8: Sum spectral efficiency as a function of algorithm
parameters (NPF or QR,1 = QT,i)

efficiency, which is similar to that in Fig. 6.
A larger number of AoA and AoD candidates leads to higher

mutual coherence of the sensing matrix. Hence, unlike the
conventional approach of [37], the proposed approach with
more candidates may obtain less tracking gain than that with
fewer candidates. The proposed sensing matrix design shows
its worth with a few candidates. For example, the proposed
approaches are shown in Fig. 8 to be effective even with
the limited number of QR,1 = QT,i = 4 candidates, while
compressive sensing methods with the conventional sensing
matrix design, e.g., [24], under the same number of 4 AoAs
and AoDs candidates in the range of [0, π] result in limited
tracking performance.

The proposed approach summarized in Algorithm 1 with 4
candidates obtains a higher tracking gain than the conventional
approach of [37] with NPF = 2 particles, with approximately

103 times lower FLOPs Ftop ≈ 1.88×106 ≪ Fconv ≈ 2.83×
109. It should be noted that this FLOPs Ftop ≈ 1.88× 106 is
lower than that of the conventional approach with Mtck = 2
pilot symbols, which achieves the maximum spectral efficiency
in Fig. 6(a), even if the number of particles is one NPF = 1.
Moreover, the proposed approaches with S = 4 and S =
16 sub-sensing matrices can obtain higher tracking gain to
the conventional approaches with NPF = 6 and NPF = 20
particles, respectively. In these cases, the proposed approaches
achieve more than 10 times lower FLOPs than the conventional
ones, i.e., Fmulti ≈ 7.59 × 108 < Fconv ≈ 8.32 × 109 and
Fmulti ≈ 2.79× 109 < Fconv ≈ 2.75× 1010.

Overall, the proposed approach represents a better trade-off
between the tracking gain and computational complexity.

VII. CONCLUSION

We proposed a novel low-complexity channel tracking
method based on compressive sensing to track the time fluctu-
ations of mmWave channels with low training overhead. The
proposed approach considers sparse path gain reconstruction,
formulating a compressive sensing problem in the delay do-
main with the sensing matrix design exploiting time evolution
models for AoAs and AoDs. This problem is then solved using
the exact top-µ̂ feature selection approach. To improve the
tracking accuracy, mutual coherence reduction in the sensing
matrix is realized by splitting it into multiple sub-sensing
matrices. Unlike the conventional approach based on GMPF,
the proposed approaches avoid Monte Carlo sampling and
cubic-order complexity for the number of available subcarriers.
The computational complexity in terms of the total number of
FLOPs required for each algorithm and the numerical results
confirm that the proposed approach obtains higher tracking
gain than the conventional approach at lower computational
complexity.

As future work, more sophisticated compressive sensing al-
gorithms to capture the unique sparsity caused by the proposed
sensing matrix and mathematical analysis of the relation-
ship between the number of pilot symbols, pilot subcarriers,
improvement of estimation accuracy, and overhead increase
should be considered.
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